We propose a new stochastic framework for analysing the dynamics of the immunity response of wildlife hosts against a disease-causing agent. Our study is motivated by the need to analyse the monitoring time-series data covering the period from 1975 to 1995 on bacteriological and serological tests-samples from great gerbils being the main host of Yersinia pestis in Kazakhstan. Based on a four-state continuous-time Markov chain, we derive a generalized nonlinear mixed-effect model for analysing the serological test data. The immune response of a host involves the production of antibodies in response to an antigen. Our analysis shows that great gerbils recovered from a plague infection are more likely to keep their antibodies to plague and survive throughout the summer-to-winter season than throughout the winter-to-summer season. Provided the seasonal mortality rates are similar (which seems to be the case based on a mortality analysis with abundance data), our finding indicates that the immune function of the sampled great gerbils is seasonal.
INTRODUCTION
We consider the problem of studying the dynamics of the immune responses of wildlife hosts to infectious disease, based on monitoring time-series data. Our motivating case study concerns the modelling of the dynamics of antibodies to plague in the blood of great gerbils (Rhombomys opimus) in Kazakhstan. Plague in great gerbils is of general interest, not the least since the great gerbil is the main host in a large part of Central Asia where most of the larger epidemics might have arisen; see Achtman et al. (2004) . There are many gaps in the knowledge about the dynamics and the natural history of plague in its natural reservoirs. Yet, as remarked by Begon et al. (2006) ' The control of plague, in particular the control of the risk of it spreading from its wildlife hosts into peridomestic animals and humans, depends on understanding the dynamics and natural history of plague in those wildlife hosts'.
Our new approach provides a framework for studying the dynamics of the immune response of the hosts in terms of past and recent prevalence rates of the disease, and the host population fluctuations. It allows us to assess the interesting question of whether or not the dynamical structure of the immune response is seasonal. The significance of understanding the seasonal structure of the epidemics is as follows. Plague cannot easily persist in a population if infected individuals all die of plague. The presence of specific immunity in the host species helps the host individuals to survive an infection. Moreover, during periods with a lower level of specific immunity (population average), infected individuals are likely to suffer more severe bacteremias, thus infecting more fleas and hence facilitating the spread of plague among gerbils and to alternative host species (increased risk for human plague cases). Consequently, the seasonal dynamics of increased and decreased specific immunity may facilitate the persistence of plague in the host population. Note that the new methodology is rather general and applicable to the study of the immune response to other infectious diseases.
This article is organized as follows. In §2, we provide some general background information about the plague system as it is found in Kazakhstan. In §3, we provide further details on the monitoring data, the protocol of the bacteriological and the serological tests. In §4, we derive a generalized nonlinear mixed-effect model for analysing the serological test data. Details of the derivation are collected in the electronic supplementary material. Section 5 presents the results of the data analysis and §6 presents the conclusion.
THE PLAGUE SYSTEM
Plague exists in nature as a disease of wild rodents caused by infection of the bacterium, Yersinia pestis. The infection is maintained in natural foci of the disease in wild rodent colonies through transmission between rodents by their flea ectoparasites. Rodents are the primary hosts of Y. pestis; however, other mammals, including humans, may be infected. Other species, especially rodent-consuming predators, may play an ecologically important role by transporting infected fleas from one area to another.
Plague is widespread in many countries in Africa, the Americas and Asia. In desert and semidesert areas of Kazakhstan (and Central Asia, in general), R. opimus (the great gerbil) and the fleas inhabiting their burrows (mainly of the genus Xenopsylla) are considered to be the main host and vectors, respectively, of plague (Pollizer 1966) .
Great gerbils are social desert rodents living in family groups that occupy discrete, permanent burrow systems (colonies). The winter death rate of adults (i.e. the ones that have been breeding) is high (Korneyev & Karpov 1977) , but single individuals may live as long as 3-4 years. Breeding takes place from April to September, with one to three litters and each ranging in size from 1 to 14 (but usually 4-7), depending on vegetation and whether there is a free space (i.e. non-occupied burrow colonies; Naumov & Lobachev 1975) . Great gerbils exhibit extensive population fluctuations between years (coefficient of variationZ2.23). Years of high abundance are necessary for the large-scale spread of plague that produces epizootics (Davis et al. 2004) .
Great gerbils are fairly resistant to plague, but there is an extensive individual variation (Rothschild 1978) . Antibodies to plague do not provide full protection, but if infected with plague, the disease is likely to be mild. Resistance to plague may differ dramatically among individuals and populations, and the rate may change within populations depending on how recently they were exposed to plague. Resistant great gerbils rarely die of plague, but they are likely to become bacteremic (i.e. with bacteria present in the blood); therefore, they may serve as sources of infectious blood meals for feeding fleas. The rodents are infectious only in the relatively short period of bacteremia of any intensity. The incubation period is 3-5 days.
THE MONITORING DATA FROM KAZAKHSTAN
The great gerbil populations constitute several natural plague foci (caused by the bacteria Y. pestis) in Kazakhstan where the disease may be transmitted to humans by vectors, mainly fleas. A long-term monitoring study of this natural plague system was undertaken from 1949 to 1995, for tracking the prevalence of plague in the great gerbil population; see Davis et al. (2004) , Frigessi et al. (2005) , Samia et al. (in press ) and Stenseth et al. (2006) . Particularly, in both spring and autumn of each year, samples of great gerbils (mean sample sizeZ678.6, coefficient of variationZ1.71, maximumZ4429) provided bacteriological and serological test data for plague symptoms. While bacteriological tests may detect the presence of plague bacteria and hence the plague disease in great gerbils at the time of sampling, serological tests may detect the presence of antibodies to plague bacteria. Consequently, the serological test data are indicative of past infections and may shed light on the dynamical structure of the specific immune system of the great gerbils against plague. The survey area is located southeast of Lake Balkhash in southeastern Kazakhstan, being part of the PreBalkhash plague focus (figure 1). The PreBalkhash focus is separated into specific landscapeepizootological regions, a landscape-epizootological region being an area of a particular type of landscape, soil, vegetation, density of the gerbils and their fleas, as well as by the level of epizooticity. For the purpose of monitoring plague, the whole of Kazakhstan was divided into 40!40 km squares, here referred to as large squares (see figure 1) . Each large square comprises four 20!20 km primary squares which in turn are divided into four sectors. Within a given sector, data are maximally recorded twice a year providing information on the results of bacteriological and serological tests (prevalence data) as well as great gerbil density.
The sampling was done during spring and autumn from 1949 to 1995. The great gerbils were mainly caught during May-June in spring and during SeptemberOctober in autumn, with the bacteriological and serological tests administered to the caught gerbils. For simplicity, it is assumed that the sampling was carried out at time D t in the tth season which spans from b t to L t . For ease of mathematical analysis, we assume that D t ZL t , i.e. the seasons are operationally defined as the inter-sampling periods. Thus, data sampled in May-June (September-October) provide information for the autumn-to-spring (spring-to-autumn) seasons. positive results were found for rodents with local forms of infection in organs (liver or spleen) or with expressed bacteremia (i.e. live bacteria present in blood). Gerbil density data were estimated in April (spring) and September (autumn) and were derived from the number of burrows per hectare in the primary square, the proportion of inhabited burrows, and sit-count observations from 10 of the inhabited burrows. The proportion of inhabited burrows and sit-count observations were measured at different locations with great gerbils different from those trapped for the bacteriological and serological tests. Consequently, the gerbil density estimates are stochastically independent of the prevalence data.
We analyse data from six large squares that have adequate data for the model estimation reported in §4. The time-series plots of counts of serological positives and those of the bacteriologically positives are depicted in figure 1. These plots display a variety of temporal patterns and diverse levels of serologically and bacteriologically positive counts. Since 1975, most large squares had at most two epizootics.
The more Y. pestis there are in the sample, the more likely there will be a positive test result. However, samples taken from infected individuals may not include live bacteria because the likelihood for bacteria to be included in the sample is dependent on the strength of the infection (the amount and the virulence of bacteria), the resistance to plague and the phase of the infectious process in the great gerbil caught. Hence, only a proportion of the infected gerbils will give rise to a positive bacteriological test result. Additionally, it is possible that sick animals (owing to reduced aboveground activity) are more difficult to trap than the more resistant individuals. Fortunately, the reduced sensitivity of the bacteriological test does not affect the statistical analysis presented in §4; see the electronic supplementary material.
Serological tests were done by analysing blood samples from the caught great gerbils for the presence of anti-F1 antibodies by a passive haemagglutination test and confirmed by haemagglutination inhibition with F1 antigen (MacIntyre et al. 2004) . The F1 antigen is specific to Y. pestis (Perry & Fetherston 1997) . Trapped individuals were killed and hence there were no repeated tests on the individuals. We note that seropositivity refers to whether an animal exhibited demonstrable levels of antibody (Begon et al. 2006) . A positive serological test indicates recent or past exposure to plague. Negative serological tests are not evidence for the absence of plague because individual rodents may not react serologically or have very low diagnostic titres (corresponding to a low infectious dose, initial or final stages of antibody production and/or low reactivity of an individual; Suleimenov et al. 2001) . Intensity of antibody production (and the length of their presence) depends on the immune reactivity of a rodent. The later the elimination of the plague bacteria, the clearer is the immune response of the rodent (Kanatov 1974) . The immune response may also be boosted by repeated contacts with plague microbes.
A GENERALIZED NONLINEAR MIXED-EFFECT MODEL
In this section, we aim to derive a generalized nonlinear mixed-effect model for the time-series of counts of positive serological cases in terms of past prevalence rates and rodent density estimates. Let B t denote the number of bacteriological positives and S t the number of serological positives out of G t great gerbils trapped at time D t in the tth season. Let N t denote the true number of great gerbils in the tth season and D t the corresponding gerbil density estimate. Below, the notation B(n, p) denotes the binomial distribution with n trials and the probability of success being p. Assume that B t has the binomial distribution B(G t , p t ) while S t is distributed as B(G t , q t ). Thus, p t denotes the true (instantaneous) prevalence rate of plague at D t and q t the corresponding probability of a positive serological test. Since a serologically positive case must result from the recovery of an earlier infection, q t bears some relationship with p t and its lags. Under some simplifying assumptions that are biologically plausible for the plague monitoring data, it is shown in the electronic supplementary material that
where a product over an empty index set is defined to be 1; t t is proportional to the instantaneous recovery rate (the proportionality constant is, however, generally region specific); the maximum value of M is set to be 7 because a great gerbil rarely lives longer than 4 years (Naumov & Lobachev 1975) ; q t is the probability of a recovered great gerbil keeping immunity (i.e. plague antibodies) and surviving throughout the t th season; C is a term for accommodating possible migration of great gerbils between neighbouring squares; and h t are independent N(0, s 2 ) errors. Equation (4.1) can be derived heuristically as follows. N t q t equals the number of serologically positive great gerbils, which is the sum of the number of great gerbils most recently infected in season tKj and continue to keep the immunity until the sampling time in the t th season, where the summation is over jZ0, 1, 2, ., M. The parameter M must be smaller than the typical life expectancy of a great gerbil, and hence set as 7 (seasons). The probability that a great gerbil acquired the most recent infection during the (tKj)th season, survived and kept immunity until the tth season can be shown to equal t tKj p tKj Q j kZ1 q tKkC1 , thanks to a Markov assumption and other simplifying assumptions of the underlying process. Specifically, we show in the electronic supplementary material that the probability of a great gerbil acquired an infection during the (tKj)th season and had immunity at the end of that season equals t tKj p tKj , and given the immunity of the great gerbil to plague at the end of the (tKj)th season, the probability that it continued to have immunity until the tth season is the product This implies that
The rather complex stochastic structure can be simplified by (i) noting that expðe t Ke tKj Þ can be approximated by 1C ðe t Ke tKj Þ, and (ii) representing the combined random terms by a single term, i.e. we specify equation (4.1).
(Strictly speaking, the error terms in equation (4.1) are heteroscedastic, but they are assumed to be homoscedastic for simplicity.) Equation (4.1) now follows by adding an intercept that accounts for between-square migration of the great gerbil. For parsimony of modelling, it is furthermore assumed that t t and/or q t are seasonal, i.e. t t Z t S for spring ðwinter-to -summer seasonÞ t F for autumn ðsummer-to -winter seasonÞ ;
( with q t similarly specified. Later on, we shall consider the further simplification that q t and/or t t are constants. The probability model introduced above provides a useful framework for analysing the bacteriological and serological test data. Ideally, a joint analysis may be carried out with both the bacteriological and the serological test data. However, such a joint analysis is not pursued here because there were just a few epizootics in each large square making a fair number of p t equal to zero. The lag structure of p t entering in q t defined in equation (4.1) further complicates the joint analysis. Owing to these difficulties, we first estimate p t based on the bacteriological test data. Since B t has the binomial distributions B(G t , p t ), the maximum-likelihood estimates of p t equalp t Z B t =G t . We then treated p t as if they were the true p t and proceeded to analyse the serological test data, for those seasons since autumn of 1975 and with non-zero serological positives. (Because all epizootic events were comfortably bracketed within the periods when positive serological tests were recorded, for all series since 1975 autumn (figure 1), selection bias owing to subsetting the data is negligible.) In other words, we model S t given G t as B(G t , q t ), where q t is given by equation (4.1) with p t there replaced byp t . This is a generalized nonlinear mixed-effect model, and the models reported in the next section were fitted using proc nlmixed of SAS v. 9.1.3. The estimation was done with the parameters ts parameterized to be positive and Cs and qs between 0 and 1; furthermore, we truncate the right side of equation (4.1) if it falls below 0 or above 0.99. For recent surveys of generalized nonlinear mixedeffect models, see, for instance, Pinheiro & Bates (1995) and Davidian & Giltinan (2003) .
We now briefly comment on the theoretical framework used in the electronic supplementary material. The derivation of the nonlinear mixed-effect model defined by equation (4.1) assumes that the time course of the immune response of a (random) great gerbil follows a four-state continuous-time Markov chain (Cox & Miller 1968; Bhattacharya & Waymire 1990) , the four states being susceptible, infected, recovered and death. Unlike the classical approaches to infectious disease modelling (e.g. the SIR model; see Grenfell & Dobson 1995; Dickmann & Heesterbeek 2000) , our approach does not model the interactions between the infected, the recovered and the susceptibles. This omission is, however, deliberate and it simplifies the analysis, which is appropriate as our goal is not to model the epidemiological time course, but to understand the dynamics of the immune response, conditional on the prevalence rates. Moreover, the analysis is conditional on the observed population fluctuations, which bypasses the need for explicitly modelling the birth and death of the great gerbils. Indeed, it does not seem straightforward to extend the SIR model to account for extensive host population fluctuations, as will be needed for the plague analysis below. In addition, the SIR approach requires a joint analysis of both the bacteriological and the serological test data, which may be infeasible owing to the small number of epizootics. We note that maximum-likelihood estimation of the underlying continuous-time Markov chain model (Kalbfleisch & Lawless 1985; Chan & Munoz-Hernandez 2003) cannot be done with the plague-monitoring data because the data were sampled only twice per year and owing to complications due to the birth-death process of the great gerbils.
STATISTICAL ANALYSIS AND DISCUSSION
We considered four cases, namely, case 1: constant t and seasonal q; case 2: seasonal t and constant q; case 3: Table 1 . AIC c of the model defined by equation (4.1) for four cases and with two dummy variables accounting for two outliers; see text. Case 1, constant t and seasonal q; case 2, seasonal t and constant q; case 3, both t and q are constants; and case 4, both t and q are seasonal. Minimum AIC c is bold-faced, while entries for models whose Hessian matrices are singular or non-negative definite are given in italics. Dynamics of antibody loss S. Park et al. 61
both t and q are constants and case 4: both t and q are seasonal. All the analyses reported in this section were based on joint statistical modelling of the data from large squares 91, 93, 105, 106, 117 and 118 (see figure 1) , starting from 1975; other large squares were not included because they did not have adequate positive serological data. Given the relatively few epizootics, we assume a common q and t model for all the six large squares, but the constant C is allowed to be square specific. We restrict M to be 7 or less, as a great gerbil rarely lives beyond 4 years. Exploratory data analysis suggested that there are two outliers in LSQ 93, in the spring of 1991 and the autumn of 1995. These outliers were accounted for by including two dummy variables for the outliers in the model, with their coefficients labelled as D 1 and D 2 . Table 1 reports the AIC c of the fitted models for the four cases, with various values of M in the model defined by equation (4.1). The minimum AIC c value is boldfaced, while entries for models whose Hessian matrices are singular or non-negative definite are given in italics. Based on AIC c , a seasonal q and constant t model with MZ4 is selected as the best model with a common immune response structure, although MZ3 or 2 is very competitive. In other words, the best model chosen includes a four-seasonal-lag disease structure where the antibody loss rate differs between the winter-to-summer season and the summerto-winter season, while the recovery rate is constant between the two seasons. The coefficient estimates and some statistics related to the estimates of the best model are summarized in table 2. The estimates of the main parameters, q F , q S , t and s 2 , are statistically significant. Note that the model fit is very similar between MZ3 (unreported results) and MZ4. Figure 1 indicates possible spatial dependence in the data. Thus, it is important to check the need to incorporate spatial correlation beyond that induced by the covariates in the model. We computed the contemporaneous correlations (unreported) between residuals from each pair of the six large squares and found that none are significant at 5% level, suggesting that there is no remaining spatial correlation structure.
In figure 1 , the open circles represent the fitted values (i.e. the predicted value of each case given the other data cases) based on the best-fitted model; these fitted values appear to closely track the counts of serological positives. Figure 2 plots the standardized residuals against the fitted values. The plot suggests that there are no more outliers beyond the two outliers already accounted for in the model. However, three cases (autumn, 1985 in LSQ 91; autumn, 1979 and spring, 1980 in LSQ 105) have fitted values more than 200, so these cases are potentially influential observations. We assessed these potential influential observations by including three extra dummy variables with their coefficients labelled as D 3 , D 4 and D 5 in the model. We then re-calculated the AIC c for various models listed in table 1, but we obtained similar results with the minimum AIC c attained for MZ4 and the case of constant t and seasonal q. Moreover, the estimates are essentially unchanged (see table 3 ). Indeed, D 3 and D 4 are not significant and D 5 is marginally significant. A joint test of D 3 ZD 4 ZD 5 Z0 has p-value equal to 0.064, suggesting that these three cases may not be influential. Hence, we conclude that the fitted model reported in table 2 is robust to the three influential cases. The estimate of the parameter q is significantly higher in autumn than in spring, suggesting that antibodies were boosted in recovered great gerbils owing to repeated contacts with plague microbes during the summer-to-winter season. The higher the level of antibodies, the longer it may take before the antibodies disappear from the blood. During winter, on the other hand, plague activity is reduced. Fleas are less active and gerbils move less around, reducing the potential for plague transmission between colonies. When there is no repeated plague contact, the level of antibodies in blood will steadily decrease. It thus makes sense that antibodies are lost faster during winter than during summer and autumn.
A seasonal difference in mortality rate may, however, contribute to the seasonal variation in q. Using seasonal age-structure data of great gerbils (i.e. counts of adults and juveniles caught in spring and autumn) from our study area during 1978-1989 and the corresponding rodent density estimates, we calculated average seasonal survival rates through a linear mixed-effects model fit (S. Park, K.-S. Chan & H. Viljugren 2006, unpublished results) . The overall autumn-to-spring mean survival rate (0.54, s.e.Z0.10) was almost equal to the spring-to-autumn mean survival rate of adults (0.51, s.e.Z0.12). The spring-to-autumn survival rate of juveniles was confounded with the net birth rate (the estimated spring-to-autumn net birth rate of juveniles: 2.2, s.e. Z0.47). However, juveniles are not likely to have a higher summer survival rate than adults. Hence, we may conclude that the great gerbils were unlikely to have a lower mean survival rate in the autumn-to-spring season than in the spring-to-autumn season during [1978] [1979] [1980] [1981] [1982] [1983] [1984] [1985] [1986] [1987] [1988] [1989] . Thus, we may interpret the higher q in autumn as indicative of a higher rate of loss of antibodies in the winter-to-summer season than in the summerto-winter season.
Additionally, rather than reflecting a seasonal immunity response within great gerbil individuals, the seasonal q might reflect average seasonal reproductive and survival patterns within the great gerbil population. From autumn to spring there is a generation shift in the great gerbil population. Many of the adults from the previous season will not survive the winter. There is also evidence that mortality is higher for seropositive great gerbils than for those testing seronegative (Begon et al. 2006) . Furthermore, in late spring/early summer, there is an influx of juveniles (susceptibles), which have not yet been in contact with the plague microbe. In the PreBalkhash area, reproduction occurs mainly in April-June. As winters progress and nutritional or climatic stressors act on the great gerbils, we may expect decline in the body mass and the level of immunocompetence. In addition, immunity is generally lower during the breeding season than the non-breeding season , suggesting that adult gerbils may lose resistance (innate and acquired) and become susceptible to plague at higher rates in spring than in autumn. Subsequently, this may facilitate transmission of plague to juveniles in early summer. The high proportion of susceptible juveniles during early summer may contribute to the higher q in autumn. The maximum level of antibodies is produced with some delay (approximately a month) after the infection, so that juveniles infected in early summer may not be detected as seropositive before the autumn sampling. A high proportion of susceptible individuals is likely to facilitate plague transmission and increase the chance for new and repeated plague infections in the population.
The apparent immigration effects are insignificant for large squares 91, 93, 105 and 117, but they are significant for large squares 106 and 118. Indeed, migration of great gerbils from other large squares into the latter two squares may account for the surge in the serologically positive cases towards the end of the sampling period for these three squares; see figure 1. Moreover, while the bacteriological time-series always led the serological series in large squares 91, 93, 105 and 117, this was not the case for large squares 106 and 118. Instead, the serological series sometimes led the bacteriological series; immigration is a possible cause of this phenomenon. However, long-distance migration among great gerbils in the PreBalkhash area is not thought to be common (S. Pole & N. Klassovskiy 2006, personal communication) . The low sensitivity of the bacteriological test (i.e. the low probability of obtaining samples with live microbes from plague-infected individuals) is a more reasonable explanation. In addition, only a small fraction of the study area was covered in any sampling epoch, so some cases of plague might have gone undetected.
CONCLUSION
According to our analysis, great gerbils having recovered from a plague infection were more likely to keep their antibodies to plague and survive throughout the summer-to-winter season than throughout the winterto-summer season. Provided that the seasonal mortality rates were similar, this suggests that the immune response of the sampled great gerbils was seasonal. As remarked earlier in the introduction section, the seasonal dynamics of increased and decreased specific immunity may facilitate the persistence of plague in the host population. Thus, understanding the seasonal structure of the epidemics is greatly needed. In this context, our paper provides some important insights.
Earlier studies of viral, bacterial and parasitic infections suggest that seasonality in the immune response may be mediated by changes in food availability, temperature, photoperiod and social behavioural changes (see Klein et al. 2002; Nelson et al. 2002; Rogovin et al. 2003) . The present study suggests that decreased plague activity during winter, a generation shift in the population from autumn to spring and a possibly lower survival rate during winter than during summer are other factors likely to contribute to the lower probability of keeping plague antibodies throughout the winter-to-autumn season than throughout the summer-to-winter season. Indeed, the importance of the heightened plague activities in the summer-to-winter season is consistent with the finding by Stenseth et al. (2006) that the prevalence during both spring and Dynamics of antibody loss S. Park et al. 63 autumn is best predicted by, respectively, the great gerbil population size during the autumn 1.5 or 2 years earlier. The higher probability of keeping antibodies throughout the summer-to-winter season was furthermore likely to be a result of antibodies being boosted in great gerbils owing to repeated contacts with plague microbes. A possible high proportion of susceptible individuals in spring and early summer was likely to increase plague activity, so that the chances for new and secondary plague infections in the population were increased.
A major contribution of this paper consists of the development of an epidemiologically based time-series analysis of the dynamical structure in antibody loss using aggregate time-series disease data. An interesting statistical problem is how to extend our approach to include covariates, so that we may identify the important factors that may explain the observed seasonal structure. Such an extension will profoundly help us improve our understanding of the epidemiological dynamics of wildlife-borne diseases like plague.
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